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A B S T R A C T 

Heat exchangers, vehicles, solar power production, and other thermal 

applications all make use of nanofluids. The next generation of fluids, known as 

nanofluids, have thermal characteristics that are superior to those of conventional 

fluids. A generalized Brinkman-type fluid model was created to predict the heat-

transfer properties of an inclined solar collector using nanofluids under the 

influence of a transverse magnetic field. Additionally discussed are the effects of 

heat radiation and concentration. Furthermore, by using the extended Fick's and 

Fourier's Laws to transform classical governing equations into fractional partial 

differential equations, we apply the concept of Caputo time fractional derivative 

in this paper. The equations of energy and concentration are transformed with the 

help of new productive transform initial and boundary conditions. The Laplace 

and Fourier sine transforms are applied together and solve the transformed 

equations. The current study used a variety of nano-sized solid particles, 

including SWCNTs, and MWCNTs, and found that adding of MWCNTs to the 

water (working fluid) can increase the rate of heat transfer up to 34.84 per cent, 

improving the working ability of inclined solar collectors by increasing their 

solar radiation absorption power. 

1 Introduction  
Solar energy is now recognized widely as one of the extensive sources free, of clean, sustainable energy with less 

environmental effect. Energy demand expanded after the industrial revolution in the 1970s, pushing scientists to look for new 

sources of energy. Solar energy is usually regarded as the most environmentally friendly of all sustainable energy sources. 

Renewable energy sources may contribute to the worldwide electricity demand in recent years, with fossil fuels accounting 

for 40% [1-2]. Sun-derived energy is described as solar energy that can be transformed into heat and electricity. It is a natural 

consequence of the thermonuclear processes occurring inside the Sun's core emitting electromagnetic radiation. Due to this 

reason, it has been producing energy for billions of years. In the last ten years, solar energy has gained a lot of attention [3]. 

The expanding need for energy, the finite supply of fossil fuels, and the considerable environmental concerns linked with 

http://www.cuijca.com/


             Attaullah et al  

 

12 

 

them, particularly carbon dioxide emissions are the primary drivers of interest in solar energy applications. Furthermore, low 

thermal behaviour is an issue for energy conversion systems. Researchers suspended solid particles of nano-sized in a base 

fluid to overcome this difficulty and improve the efficiency of those working fluids which have poor thermal conductivities. 

Nanofluids are a new category of nanotechnology-focused heat transfer fluids made by distributing and maintaining 

nanoparticles ranging in size from 1 to 50 nanometers in conventional heat transfer fluids. Choi [4] coined the term 

"nanofluid" in 1995 to describe suspensions containing nanofluidic millimeter or micron-sized particles that have improved 

rheological properties, thermal properties, and thermal conductivity.  

Nanoparticles are extensively applied in both biological and industrial fields. Similarly, the field of energy 

nanoparticles has inspired a lot of interest. Nanoparticles are very helpful in the processes of energy conversion like 

thermoelectric devices, and solar and fuel cells. Nanoparticles are very essential in devices that are used for the storage of 

energy such as capacitors and rechargeable batteries. Furthermore, nanoparticles are used in insulating objects like aerogels, 

glazes, and powerful lightning including light and organic light-emitting diodes. Nanofluids have shown the capability in 

improving heat transfer in a wide range of applications, including industrial transportation, nanoelectromechanical systems, 

refrigeration, nuclear reactors, micro-electromechanical systems, electronics, and biomedical equipment [5, 6]. Thermal 

conductivity can be increased to improve performance and reduce operating costs. Increasing thermal conductivity has been 

shown to improve performance and lower operating costs [7], and further related research can be found in [8–11]. Different 

experts examine the influence of distinct schemes on the forced and natural convection of nanofluid flows [12–16]. 

Nanofluids have the potential to enhance the thermodynamic properties of the fluid, which is very essential in industries, 

particularly in the cooling and heating of solar thermal systems. Nanofluidics can play a vital role in manufacturing i.e 

manufacture crucial nanostructured objects and clean surfaces in complex fluid engineering because of their exceptional 

wettability and dispersion qualities [17]. The administration of nanomedicine is another usage of nanofluids, as evidenced in 

[18]. Nanofluids with large thermal conductivity are very decisive for reducing plugging the walls in transport mediums, 

increasing energy productivity, improving execution, and lowering costs [19]. In Tocrease the efficiency of energy, Hussanan 

et al. [20] examined the microinertia and microrotation impacts of a stream of nanoparticles in motor oil, kerosene oil, and 

water. Tesfai et al. [21], investigated the grapheme oxide suspension and thermal execution of graphene in an experimental 

study. They investigated the rheological properties as well as the inherent viscosity in the suspension of Gragrapheneli et al. 

[22], and found precise results for a Brinkman-type fluid flow including various microparticles by using the Laplace transform 

approach, they were able to achieve exact solutions. An article based on the uses of particles in the field of engineering was 

presented by Wu and Zhao [23]. According to this particular article, the author has described the importance of critical heat 

flux and heat transfer. Khan [24], has examined the effect of various-shaped nanoparticles in the base fluid on the heat transfer 

rate enhancement. The numerical results obtained related to the flow of the fluid along with nanoparticles were calculated 

using the finite difference approach of Sheikholislami and Bhatti [25]. The improvement in heat transmission due to 

nanoparticles was briefly discussed in this article. Rashidi et al. [26], investigated how a magnetic field affected the flow of 

a generalized Burgers' nanofluid along an inclined wall. Mahian et al. [27], discuss the performance of solar stills employing 

nanofluid. The author has provided both the results, theoretical and experimental in this paper. Similarly, the concise review 
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of a nanofluid along with its applications was resented by Kasaeian et al. [28]. A solar collector is a device that exchanges 

heat, which converts solar energy to a transport medium's internal energy. 

These types of equipment allow energy from the sun and then convert it to the form of heat and after that transmit 

that heat to the collecting fluid, mostly oil, air, and water. The energy stored in the working fluid can be transmitted directly 

to air or water conditioning device, as well as thermal storage reservoirs for use at night or in overcast weather. [29]. Solar 

collectors are one of the most essential devices of solar energy. In a review paper, Mahian et al. [30], studied the use of 

nanofluids to improve the capability of solar water heaters and solar collectors. This research paper also includes impacts on 

environmental and economic concerns. Using the Laplace transform approach, Sheikh et al. [31], were able to get the closed-

form solution for the generalized fluid flow. They concluded that adding nanoparticles to the base fluid can improve the 

performance of solar collectors. Furthermore, the regulation of heat transmission via sloped or corrugated walls necessitates 

the use of a solar collector or natural convection of the roof. The field of the temperature and flow are very complicated with 

these complex geometries shown in (Fig.1) [32]. Fan et al. [33], illustrated the transfer of heat and flow dissemination in a 

solar collector with an inclined strip shelter. The performance of solar collectors has been studied both theoretically and 

practically. Hatami et al. [34], applied the finite difference approach and develop some important results for a solar collector 

numerically with an inclined plate. They observed that increasing the maximum volume fraction of nanoparticles in a solar 

collector can improve its efficiency. 

There are two most often concepts are used in fractional differentiation and integration in applied mathematics 

nowadays. Due to filtering and memory effects can be included in ordinary differential equations (ODE’s) or partial 

differential equations PDE’s to model real-world issues [35]. Different sorts of non-integer order derivatives have recently 

been used in the literature. Among these, the Riemann-Liouville derivative is the most widely used fractional derivative [36].  

However, there are several extensive defects in the utilization of Riemann-Liouville derivatives, such as the fact that 

the derivative of a constant value is not zero. To address the Riemann-Liouville derivative's deficiency, Caputo [37] presented 

an improved form of the derivative in non-integer order, familiar with the Caputo derivative in literature. Caputo derivatives 

on the physical system were successfully applied such as electro hysteresis, damage, viscoelasticity, and fatigue [38]. Caputo 

used this attitude and solve many problems of elasticity.  After Caputo, several researchers like Friedrich [39], and Ali et al. 

[40], used the Caputo approach and got some interesting solutions. 

With the above discussion in mind, the goal of this research is to look into the effects of nanoparticles (MWCNTs, 

SWCNTs, and ) on the working fluid's heat and mass transfer rate, as well as their prospective applications in solar collectors 

with inclined plates. With the use of generalized Fourier's and Fick's Laws, the governing equations are converted to fractional 

PDEs utilizing the idea of Caputo time fractional derivative (CFD). The energy and concentration equations are transformed 

using the initial and boundary conditions using a newly devised transformation. The integral transforms namely Laplace and 

Fourier sine transforms are combined and used to solve the transformed equations. The solutions are presented in graphs and 

tables and satisfy all of the physical conditions. 

2. Mathematical Modelling 
            In the present problem, an incompressible generalized Brinkman-type fluid in the inclined channel with the impact 

of thermal radiation is considered. The fluid motion is considered along the x-axis. The fluid occupies the space y > 0 between 
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inclined channels. In the existence constant magnetic field, fluid will be considered electrically conducting. Along the flow 

of fluid the applied magnetic field, will be in the transverse direction. At the time 0t


 both plates and fluid are at rest with 

ambient concentration and temperature respectively. The velocity of the plate becomes when the time the plate is at starting 

motion in its own plane which is clear from Fig.1. The concentration and temperature level increased respectively with respect 

to the time when the plate is at y d . Fig.1. shows the problem geometry. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1: Physical geometry of the flow     

By considering the above points and assumptions the Boussinesq’s approximation, governing equations can be written as:  
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The boundary and initial conditions are given below. 

 

 

0

( ,0) 0,   T( ,0) ,   C( ,0) ,

(0, ) 0,  T(0, ) ,   C(0, ) , .

( , ) H(t), T(d ,t) ( ) ,    

C(d ,t) ( ) ,

w

w

u y y T y C

u t t T t C

u d t u T T T f t

C C C g t

 

 

 

 




   


   
   

   

             (5) 

The expressions    , , , , andnf nf nf T nf Cnf nf
k      for nanofluids can be defined as [41], 
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Table 1. Thermo-physical characteristics of nanoparticles and water. 

Properties   
pC  K   Pr  

2H O  997.1 4179 0.613 21 6.2 

SWCNT 2600 425 6600 27 - 

MWCNT 1600 796 3000 44 - 

CuO 8933 385 401 1.67 - 

2TiO  4250 686.2 8.95928 0.9 - 

In the current work, Roseland's approximation can be used for radiation flux rq as: 
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A slight diversity in the temperature between T  and  T
 is imagine, by applying the Taylor expansion series for the current 

temperature  T
and 

4T  can be linearized. Ignoring higher-order and second order terms in (T −T
), we obtained: 
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By putting Eq. (8) in Eq. (2), we have   
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By using the following dimensionless variables:      
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Eqs. (10), (11) and (13) are dimensionless forms of Eqs. (1), (9) and (3) respectively.   
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Similarly 
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represent thermal Grashof number, mass Grashof number, magnetic parameter,  Prandtl number, and Schmidt number 

respectively. 

3. Fractional model  
For the above specified problem we construct a fractional model, by applying generalized Fick's and Fourier's law’s 

on Eqs. (11) and (12), we obtained: 
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The Caputo time fractional operator  .C D

   can be define as [42]. 
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By applying the mentioned identities and 2nd part of Eq. (16), it is a conventional tendency to indicate that 
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Using the Caputo time fractional (CF) operator and Eqs. (11), (12), (14) and (15) respectively: 
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Equations (20) and (21) can also be written as follows: 
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4. Solution of the problem 

The above fractional model has been solved using the Laplace and Fourier transformation jointly. 

4.1 Solution of the Energy Equation  

Applying the following transformation 
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Equation (22), can be written as: 
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The corresponding form of boundary and initial conditions can be written as: 

     ,0 0, 0, 0, 1, 0.       
                                                                                                  (26) 

We get Eq. (27) by using Fourier sine and Laplace transforms: 



 

19 

 

   
 

 

1

2

1
,

n

F

eff

s
n s sf s

n n
s

Pr






 






.

                                                                                                  (27) 

We get Eq. (28) by inverting Eq. (27) with the help of integral transformations: 
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Hence, the solution of the equation of energy is as under: 
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      4.2   Solution of concentration profile 

By applying the transformation: 

     , , .g        
                                                                                                            (29) 

Equation. (23) can be written as: 
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The corresponding form of boundary and initial conditions can be written as 

     ,0 0, 0, 0, 1, 0.       
                                                                                   

(31) 

We get Eq. (32) by using the mentioned integral transformations (Laplace and Fourier sine transform): 
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We get Eq. (33) by taking the inverse transformation of Eq. (32): 
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For the concentration equation the last solution is: 

     , , .g                                                                                                                                               (34) 
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      4.3   Solution of velocity profile 

By transforming Eq. (10) with the help of Fourier and Laplace transformations and using Eq. (13), we obtained: 
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By applying the inverse Fourier sine and Laplace transformations, we get the solution as under:  
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4.4   Nusselt number 

 For the Nusselt number of Brinkman-type Nanofluid (BTNF) the mathematical expression is written as: 
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4.5   Sherwood number 

  For the Sherwood number of Brinkman-type Nanofluid (BTNF) the mathematical expression is written as:  
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5. Results and discussion 

In the current article, we discussed the unsteady flow of generalized Brinkman-type nanofluid in an inclined channel. 

The effect of mass and heat transfer have been considered combinedly. By applying the generalized Fourier's and Fick's laws 

a fractional model has been constructed. The integral transforms i.e Fourier sine and Laplace are employed to achieve the 

solutions in closed form. Tables and figures show the impact of various embedded parameters on temperature, concentration 

and velocity profiles. To know the problem in-depth, we discussed the impact of various nanoparticles like, (MWCNTs, 

SWCNTs, 2TiO  and CuO ), in base fluid (water), which have been portrayed in Fig. 2. It is observed that the base fluid 

velocity with MWCNTs is analogously smaller than the velocity of water with SWCNTs, 2TiO  and CuO  because of the 

higher thermal conductivity and density of MWCNTs. The MWCNTs-water nanofluid becomes denser when MWCNTs are 

spread in water than the nanofluid having (SWCNTs, 2TiO  and CuO ). Consequently, the base fluid (water) with 

nanoparticles (SWCNTs, 2TiO  and CuO ) has less viscosity as compared to MWCNTs with working fluid (water). As a 

result, the working fluid's boiling point (water with MWCNTs) is greater than the working fluid's boiling point (water with 

SWCNTs, 2TiO  and CuO ). Moreover, the heat absorption and heat flow capability of inclined solar collectors will 

significantly increase and also the more viscous fluid have a low freezing point. Simply we can say that, the freezing point 

of the working fluid might be regulated at very low temperatures by adding MWCNTs. The current observation also complies 

with the experimental study done by He et al. [42], where they noticed the effect of 2TiO and CNTs on vacuum tube solar 

collectors and also find out that water-based CNTs nanofluids are better than water-based 2TiO  nanofluids. 

 

 
           Fig.2. Change in velocity profile due to different nanoparticles. 
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Fig.3. Change in velocity profile due to various values of M when 0.5, 0.5,Gm  
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Fig.4. Change in velocity due to various values of  when 0.2, 0.5,Nr Gm 
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Fig.5. Change in velocity due to various values of when 0.2, 0.5, 1,Nr t    
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Fig.6. Change in velocity due to various values of Gr when 1, 0.5, 0.2,t Nr    
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Fig: 7.

 
Change in velocity due to various values of Gm  when 1, 0.5,t  
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Fig.8. Change in velocity profile due to various values of  when 2, 0.5,t    

         0.01, 0.5, 0.2, 2.5, 0.2, 0.5.Gr Sc M Nr Gm      
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Fig.9. Change in the profile of temperature due to various nanoparticles. 

 

 
Fig.10. Change in the profile of temperature due to various values of    when 1, 0.2, 6.2.t Nr Pr    

 
    Fig.11. Change in the profile of temperature due to various values of Nr  when 1, 6.2, 0.01.t pr   
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     Fig.12. Change in the profile of concentration due to various values of   when 1, 0.2.t Sc 

 

 
 

 
Fig.13. Change in the profile of concentration due to various values of Sc  when 2, 0.01.t    

 

 

Table 2.
 
For various nanoparticles, effect on Sherwood number of different parameters. 

  Sc    
hS  

0.2 5.0 0.02 1.105 

0.3 5.0 0.02 1.072 

0.2 10 0.02 0.579 

0.2 5.0 0.04 1.066 
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Table 3. For various nanoparticles, effect on Nussle number of different parameters. 


 

  Nr  MWCNT  SWCNT
 

CuO
 

2TiO  

0.00 0.2 0.2 0.485 0.485 0.485 0.485 

0.01 0.2 0.2 0.533 0.526 0.519 0.507 

0.02 0.2 0.2 0.573 0.565 0.558 0.543 

0.03 0.2 0.2 0.609 0.601 0.592 0.581 

0.04 0.2 0.2 0.654 0.639 0.634 0.623 

0.01 0.5 0.2 0.522 0.518 0.513 0.502 

0.01 0.7 0.2 0.517 0.513 0.507 0.495 

0.01 1 0.2 0.512 0.508 0.501 0.489 

0.01 0.2 0.4 0.564 0.539 0.531 0.521 

 

Table 4. Enhancement of Heat transfer for various volume fractions 

  MWCNT %
 SWCNT %

 CuO %
 

2TiO
%

 

0.00
 

--
 

--
 

--
 

--
 

0.01
 

9.89
 

8.45
 

7.01
 

4.53
 

0.02
 

18.14
 

16.49
 

15.05
 

11.95
 

0.03
 

25.56
 

23.91
 

22.06
 

19.79
 

0.04
 

34.84
 

31.75
 

30.72
 

28.45
 

 

The effect of the magnetic parameter M  on the velocity profile is shown in Fig. 3. Which shows that there is inverse 

variation between velocity and magnetic parameter because when the values of magnetic parameter M is increasing a 

decrease occurs in the velocity. Physically, larger values of M  rise the resistive forces (Lorentz forces), because of which 

the fluid velocity decreases. Fig. 4 shows the effect of the Brinkman parameter  . A decrease in velocity can be observed 

by taking greater values of  . It is shown that the fluid velocity is greater at 0.02   and lesser at 4  . Physically, 

this is correct, since the parameter of Brinkman   is a ratio of drag forces to density. As drag forces increase, velocity 

decreases. The effect of nanoparticle volume fraction   on velocity profile is depicted in Figure 5. The nanoparticle volume 

fraction  is studied in the range of 0 0.04  , due to sedimentation occurrence, when  exceeds 0.08. Consequently, 

an increase in nanoparticles volume fraction  bring a decrease in the velocity profile. Figs.6 and 7, show the effect of thermal 
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and mass Grashof numbers. These graphs indicate that as the increment occurs in Gm and Gr  the velocity rises as well. 

The reason behind this fact is the buoyancy forces, which become more dominating, as the values of Gm  and Gr  increase 

therefore, as a result, shortening occurs in the thickness of the boundary layer. Fig. 8 portrayed the behaviour of the angle of 

inclination   and this graph shows that when the value of   grew higher, the fluid velocity decreased. Physically, larger 

values of   reduce the bouncy effect in the flow, therefore the fluid's velocity also decreases [43]. Consequently, the fluid 

will be more viscous, and the solar collector's efficiency may be improved, as previously described.                                                                                                                                                                                                                                                                                                          

The discrepancy in the profile of temperature for various types of nanoparticles has shown in Figure 9.  From Fig. 

9, it is clear that the profile of temperature is very high for MWCNT and low for (SWCNT, CuO  and 
2TiO ) with base fluid 

respectively. Fig.10. shows increasing behaviour on temperature distribution for the increasing values of φ. The reason behind 

this behaviour is thermal conductivity which can be clarified from Eq. (6). The conduction of heat is based on the effective 

thermal conductivity, so, by increasing the thermal conductivity the conduction of heat is also increasing which brings the 

increment in the temperature distribution. It can be found in Fig. 11, that Nr  have a similar effect on the temperature profile. 

Similarly, Figs.12 and 13, depict the impact of φ and Sc on the concentration equation. It is cleared from these figures that 

the concentration of mass is decreasing function for higher values of φ and Sc. 

From table. 2, it is cleared that Sc is the ratio of mass diffusivity and viscous force, which gives enhancement in 

drag forces and hence the increment take place in Sherwood number. For various nanoparticles the effect of , Nr  and   

versus Nusselt number is tabled in table 3. For higher values of   and Nr an improvement can be observed in the Nusselt 

number while on the Nusselt number fractional parameter  has a reverse effect. From the table it is also observed that the 

MWCNTs-water nanofluid presents the maximum disparity in the Nusselt number pursue by other nanoparticales. In table 4 

the impact of the volume fraction of various nanoparticles on the heat transfer rate has been illuminate. From the table it is 

clear that the heat transfer rate is maximum for value 0.04  . It is also clear and can be noted that the heat transfer rate 

of water has been grow up by 34.84% with MWCNTs, but on the other side 31.75%, 30.72% and 28.45% with SWCNTs, 

CuO  and 2TiO nanoparticles, respectively. 

 5 Conclusion  
The efficiency of solar collectors will be sufficiently increased by using nanoparticles in the water (base fluid), as it 

is cleared from the theoretical and numerical results. The heat transfer in the rate of MWCNTs water-based nanofluid is 

greater than the heat transferring rate of  SWCNTs, 2TiO and CuOwater based nanofluid. Hence nanofluids are denser than 

general fluids, which is why the boiling point is higher than the general basic fluids (water). Due to this, the efficiency of 

solar collectors will be increased. The higher viscosity of fluid leads to an inferior freezing point of fluids, and the point of 

freezing of solar cells will be controlled at a very small temperature by adding nanoparticles. A decrease in the bouncy effect 

will be observed by increasing values of γ. Hence, the fluid becomes more viscous so the fluid velocity will be decreased and 

the efficiency of the solar collector will be improved. For the fractionalization of the model, we use the generalized Fick's 

and Fourier's law to obtain the final solution and then a new transformation is applied to solve the model by using the integral 
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transforms that are Fourier and Laplace. The obtained results can be shown in tables and graphs. The key points of the current 

study are 

 For the solution of the fractional model, the new transformation is authentic. By applying this transformation it is 

easier to obtain the solution of the fractional model.  

 The use of MWCNTs increases the heat flowing rate of the working fluid ( 2H O ) by up to 34.84%, as it is clear 

from our theoretical investigation. 

  Moreover, the current study also shows that the heat transfer capacity can be increased by 31.75%, 30.72% and 

28.45% by dissolving SWCNTs, CuO , and 2TiO , respectively. 

 The increases of   will increase the viscosity of the Nanofluid, which leads to minimising the velocity profile.  

 The increases of   will increase the temperature distribution due to the increment of thermal conductivity of the 

nanofluid. 
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